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, Abstract. Any non-degenerate quadratic form over a Hilbertian field (e.g., a number field) is 

■ isomorphic to a scaled trace form, fn this work we extend this result to more general fields. In 

' particular, prosolvable and prime-to-p extensions of a Hilbertian field. The proofs are based on 

the theory of PAC extensions. 

< 

^ ' 1. Introduction and results 

I Let F/K be a finite separable field extension. It is equipped with a trace form, 

X ^ TiF/Kix"^)- The characterization of trace forms has been initiated by Conner 
and Perhs, who were interested in the following question: Which quadratic forms 
over Q are Witt-equivalent to a trace form. In [3], they showed that these forms 
are precisely the positive non-degenerate quadratic forms (where positive means 
signature > 0). This result was generalized to number fields [9], and to some 
^ . Hilbertian fields [8]. In p], Epkenhans showed that over a number field any non- 

VO ■ degenerate positive quadratic form of dimension > 4 is isomorphic to a trace form, 

cn 

O \ Kriiskemper [7j. 

O ■ There is a natural generalization of the trace form, that is, the scaled trace form. 

Namely, any separable extension F/K and any nonzero element a E F admits the 
^ ' non-degenerate quadratic form 



(N 

> 



and classified all classes of trace form of dimension < 3, completing the work of 



X (-^ Ttp/k{c(x'^), X E F. 

A natural question is the following. Given a field K, can any non-degenerate qua- 
dratic form over K be realized as a scaled trace form. 

In |9l [To], Scharlau and Waterhouse, independently, gave a positive answer for 
number fields or more generally for Hilbertian fields of characteristic ^ 2. Recall 
that a Hilbertian field i^' is a field with the property that for any irreducible poly- 
nomial f{T,X) over K{T) there exist infinitely many a E K for which f{a,X) is 
irreducible. 

Theorem (Scharlau- Waterhouse). Any non-degenerate quadratic form over a Hilber- 
tian field of characteristic ^ 2 is isomorphic to a scaled trace form. 
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In this note, we generalize this result to a larger class of fields. Note that an 
obvious necessary condition for a quadratic form of dimension n over K to be 
isomorphic to a scaled trace form is that K has a separable extension of degree n. 
Thus, a more subtle question is the following: 

Question 1. Given a field K having a separable extension of degree n, can any 
non-degenerate quadratic form of dimension n over K be realized as a scaled trace 
form. 

Remark 1.1. In general the answer to this question is negative. For example, M has 
a unique separable extension, C, of degree 2. Any scaled trace form x ^— Trc/R(aa;^) 
is isotropic (since for x = \Ji/a we have Trc/M(«x^) = Trc/iR(«) = 0). Hence, the 
non-isotropic quadratic form (1,1) is not isomorphic to a scaled form. 

Prosolvable extensions. An extension K/Kq is called prosolvable, if any finite 
subextension Lq/Kq (with Lq C K) is solvable, i.e., the Galois group of the Galois 
closure of Lq/Kq is solvable. 

Theorem 1. Let K be a prosolvable extension of a Hilbertian field of character- 
istic 7^ 2. Then every non-degenerate quadratic form over K of dimension > A is 
isomorphic to a scaled trace form. 

Note that there are solvable extensions having no separable extensions of degree 
< 4 (e.g., the maximal solvable extension), so in this generality the condition on the 
dimension is necessary. For prosolvable extension and quadratic forms of dimension 
n = 3,4, we do not know the answer for Question [T] However in case n = 2 we 
show that the answer is negative (Proposition 13.51) . 

Prime-to-p extensions. Let p be a prime number. An algebraic extension K/ Kq 
is called prime-to-p, if p does not divide the degree of any finite subextension Lq/Kq 
(with LqCK). 

Theorem 2. Let p be a prime and let K be a separable extension of a Hilbertian 
field Kq of characteristic ^ 2 such that the Galois closure of K/Kq is prime-to-p 
over Kq. Then every non-degenerate quadratic form over K is isomorphic to a 
scaled trace form. 

Notice that for p = 2 and quadratic forms of dimension > 4, Theorem [2] is a 
special case of Theorem [H (Recall that, by the famous Feit-Thompson theorem, 
any group of odd order is solvable.) 
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PAC fields. Hilbert's Nullstellensatz asserts that every variety defined over an 
algebraically closed field K has a (ii"-rational) point. A field satisfying this prop- 
erty is called Pseudo Algebraically Closed (abbreviated PAC). An equivalent con- 
dition for a field K to be PAC is that any absolutely irreducible polynomial in two 
variables /(X, F) with coefficients in K has infinitely many roots (x, G [5], 
Theorem 11.2.3]. There are abundance of PAC fields, in fact, in some sense most 
algebraic extensions of a countable Hilbertian field with a finitely generated abso- 
lute Galois group are PAC [3, Theorem. 18.6.1]. Over PAC fields we give a positive 
answer to Question [H 

Theorem 3. Let K he a PAC field of characteristic 7^ 2. A non- degenerate qua- 
dratic form of dimension n over K is isomorphic to a scaled trace form if and only 
if K has a separable extension of degree n. 

PAC extensions. In [6], Jarden and Razon generalized the notion of PAC fields to 
field extensions: A field extension M/ K is said to be a PAC extension if for any 
absolutely irreducible polynomial in two variables /(A, Y) G M[X, Y\, separable in 
Y (i.e., ^ 7^ 0) there are infinitely many {x^y) E K x M such that f{x,y) = 0. 
Clearly, a field K is PAC (as a field) if and only if the trivial extension K/ K is PAC 
(as an extension). On the other hand, we note that a field extension M/K with M 
a PAC field is not necessarily a PAC extension, see [H Page 9]. For fields having a 
PAC extension we give a partial answer for Question [H 

Theorem 4. Let K he a field of characteristic 7^ 2. Assume that K has a PAC 
extension M/K which has a separable extension of degree n. Then every non- 
degenerate quadratic form of dimension n over K is isomorphic to a scaled trace 
form. 

This theorem is the main theorem of the paper and we deduce all the previous 
theorems from it. For this deduction, we use the result of Jarden and Razon showing 
that, as for PAC fields, most algebraic extensions of a countable Hilbertian field with 
a finitely generated absolute Galois group are PAC extensions [6l Proposition 3.1]. 

Outline. In section |2] we prove Theorem |H The proof goes along the lines of 
Scharlau-Waterhouse, where the use of Hilbertianity is replaced by a weaker prop- 
erty (Lemma 12. 3p . In order to apply this property, we have to compute the Galois 
group of the characteristic polynomial of a generic symmetric matrix times some 
diagonal matrix. Theorem [3] is then an obvious result of Theorem H] (by taking 
M = K) . In section [3] we use the abundance of PAC extensions over a Hilbertian 
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field to deduce Theorems [T] and [2] from Tfieorem HI In wliat follows all fields are 
assumed to have characteristic 7^ 2. 

Acknowledgments. We thank Ido Efrat, Dan Haran, Moshe Jarden, and Zeev 
Rudnick for helpful comments on an earlier draft of this paper. This work is part 
of the first author's Ph.D. thesis done at Tel Aviv University, supervised by Prof. 
Dan Haran. 



2. Proof of Theorem H] 

We start with a few auxiliary lemmata. The first lemma is a known result from the 
theory of Hermitian forms, giving a condition for a quadratic form to be isomorphic 
to a scaled trace form. 

Lemma 2.1. A nonzero symmetric matrix D G Mat„(i^') represents a scaled trace 
form over K if and only if there is another symmetric matrix A G Mat„(-ft') such 
that the characteristic polynomial of AD is separable and irreducible over K. 



Proof. See e.g. PHO]. 



□ 



Let D = diag(c/i, . . . , dn) be a diagonal matrix with (ij 7^ over some field. Let 
T = {tij) be a generic n x n symmetric matrix, i.e., the only algebraic relations 
are t^j = tji. Let p{t,x) be the characteristic polynomial of TD, that is p{t,x) = 
det{xl -TD). 

Lemma 2.2. Let L be a field such that di G L, i = 1, . . . ,n. Then p{t,x) is a 
separable irreducible polynomial over L{t) and the Galois group ofp(t,x) over L(t) 
is the symmetric group Sn- 

Proof. The assertion is trivial for n = 1. For n = 2 the polynomial is separable and 
irreducible (and the Galois group is S2 = Z/2Z) if and only if the discriminant A is 
not in the field L{t). We can write explicitly = d\t\^+d\t\2+^did2t\2—'^did2tiit22 
which is not a square in L{t). Let > 3. Consider the ideals ai = (ti2, . . . , tin) and 
CI2 = (tin, • • • ,t(n_i)n) which corrcspoud to the respective substitutions ti2 = ■ ■ ■ = 
tin = and tin = ... = t(n-i)n = 0. Let pi,p2 be the reduction of p modulo ai, 02 

\ 





/ ditu 




respectively. As TD = 




d2t22 ■ 


'^nt2n 






\ 


d2t2n ■ 


■ d t 



mod ai the polynomial pi 



J 



decomposes as pi(t,x) = {x — ditii)hit,x) in L[t,x]/ai = L[ti^i,tjj,x \i >i>2]. 
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By induction, h, which is the characteristic polynomial of the lower block, is a 
separable irreducible polynomial with Galois group Sn-i over L(tij \ j > i >2). In 
particular pit,x) is also separable. 

Now assume that p(t,x) is reducible in L[t,x], namely 

= f{t,x)g{t,x), 

where / and g are monic in x and 1 < deg^, / < deg^ g. Then the irreducibility of 
h implies that f = x — ditn (mod Oi). A similar argument (for p mod 02) implies 
f = X — dntnn (mod 02). Consequently, we get that 

/(t, x) - {x - ditii) e ai and /(t, x) - {x - dntnn) e 02, 

hence ditu — dntnn G ai + a2, a contradiction. 

Finally, we calculate the Galois group G of p(t,x) over L(t): As pi = {x — 
ditii)h{t,x) in L[t,x]/ai and the polynomials are separable, there exists a bijection 
between the roots of p and the roots of pi. Such a bijection induces an embedding 
of the Galois group of h over L{tij \ j > i > 2) into G via the action on the 
respective roots (c.f., [51, Lemma 6.1.4]). That is Sn-i < G < Sn under a suitable 
labeling of the roots. As p{t,x) is separable and irreducible, G is transitive, and 
hence G = Sn- Indeed, for any a G S'„ there exists r E G such that a{n) = T{n), so 
(T G rSn-i C G. □ 

The next lemma is a weak Hilbert's Irreducibility Theorem for PAC extensions. 

Lemma 2.3. Let M/K be a PAC extension, let f{ti, . . . ,ts,x) G M[ti, . . . ,ts,x] 
be a separable polynomial of degree n in x, and let M be an algebraic closure of 
M . Assume that the Galois group of /(ti, . . . , t^, x) over M{ti, . . . ,ts) is the sym- 
metric group Sn- Then there exist infinitely many {ai, . . . ,as) G K"^ such that 
/(«!, . . . ,as,x) is irreducible over M, provided that M has a separable extension of 
degree n. 

The proof appears in [T, Cor. 2] (the proof is given for s = 1, but it is easy to 
check that the same proof works for s > 1). 

Proof of Theorem [7} Let M / if be a PAC extension of characteristic 7^ 2 and let Q 
be a non-degenerate quadratic form over K. Choose a basis in which Q is diagonal 
and denote by D the corresponding diagonal matrix. By Lemma 12. ![ it suffices to 
find a symmetric matrix A (with coefficients in K) such that AD has an irreducible 
characteristic polynomial. For that, take T to be the generic symmetric matrix 
with indeterminate coefficients. By Lemma 12.21 (with L = M) the characteristic 
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polynomial, p{t,x), of TD satisfies the condition of Lemma [2.3[ Thus if M has a 
separable extension of degree n, we can specialize t i-^ a G K"'^ such that p(a, x) 
is irreducible. We thus get, for the specialized matrix A = {aij), that AD has an 
irreducible characteristic polynomial. □ 

3. Fields with PAC extensions 

In order to deduce Theorems [T] and [2] from Theorem HJ we need to show that the 
fields in question have a PAC extension having suitable separable extensions. We 
start by citing some results regarding PAC extensions that we will need. 

Let Kq be a field and e > 1 an integer. For cr = (ai, . . . , cTg) £ GqI^KqY, we 
denote by (cr) = (cri, . . . , de) the closed subgroup of Gal(-K'o) generated by the 
coordinates of cr, and by Kqs{(t) the fixed field of (cr) in a fixed separable closure 
Kqs of Kq. We recall that the absolute Galois group of Kq is profinite (in particular 
compact), and hence equipped with a probability Haar measure. 

Proposition 3.1. Let Kq be a countable Hilbertian field and K/Kq an algebraic 
extension. 

a. For almost all cr G Gal(-K'o)^ the extension KQg{cr)/Ko is a PAC extension 
and (cr) is a free profinite group of rank e Proposition 3.1] and [S, The- 
orem 18.5.6]/ 

b. If Mq/Kq is a PAC extension, then so is MqK/K ([6, Corollary 2.5]). 

We shall also use the following simple group theoretic lemma. 

Lemma 3.2. Let N < Nq < G be profinite groups such that N is normal in G. Let 
H be a quotient of G such that H and G/N have no common nontrivial quotients. 
Then, H is a quotient of Nq. In particular, if H has an open subgroup of index n, 
so does Nq. 

Proof. Let U <G such that G/U = H. Since G/NU is a common quotient oi G/U 
and G/N, we get that G/NU = 1, so G = NU . Therefore also NqU = G, and 
hence Nq/Nq nU ^ NqU/U = G/U = H. D 

3.1. Prosolvable extensions. The following proposition shows that prosolvable 
extensions of a countable Hilbertian field have many PAC extensions (cf. [1, Corol- 
lary 3.7]). 

Proposition 3.3. Let K be a prosolvable extension of a countable Hilbertian field 
Kq and e > 2. Then for almost all cr G GaA{KQY the field M = KKQs{cr) is a PAC 
extension of K and it has a separable extension of every degree > 4. 



ON PAC EXTENSIONS AND SCALED TRACE FORMS 



7 



Proof. Let K be the Galois closure of K/Kq, so Gal{K / Kq) is prosolvable. For 
almost all cr G Gal(i^^o)'^ the field Mq = KQs{a) is a PAC extension of Kq and its 
absolute Galois group G = (cr) is a free profinite group of rank e (Proposition 13.1b .). 
Fix such a cr and write M = KKos{(t). Then M/K is PAC (Proposition 13. lb . ) . Let 
A^o = Gal(M) be the absolute Galois group of M and let A^ = Gal ( A' A'os (''■))• Then 
A^ < A'o < G, A^ is normal in G, and G/N = Gal{k Kos{(t) / Kq) . The restriction 
map G/N — > Gal(A'/A'o) is an embedding, so G/N is prosolvable. 

Let n > 4, we show that M has a separable extension of degree n. By Galois 
correspondence, it suffices to show that A^q has an open subgroup of index n. As 
G is free of rank > 2 it has An (the alternating group) as a quotient. An and G/N 
have no nontrivial common quotients (as G/N is prosolvable and An is simple). 
Now Lemma 13.21 with H = An implies that A"o has an open subgroup of index n 
(since {An : An-i) =n). □ 

Proof of TheoremUl Let A' be a prosolvable extension of a Hilbertian field Kq. 
In case K is countable, the assertion follows immediately from Theorem H] and the 
above proposition. When K is uncountable, the assertion follows from the countable 
case by the Lowenheim-Skolem Theorem [5l Proposition 7.4.2]. 

Indeed, let C be the language of Rings together with a unary predicate P. By 
Lowenheim-Skolem, there exists a countable elementary substructure E/Eq of the 
structure K/Kq, in particular, E/Eq is a field extension. We show that Eq is Hilber- 
tian and that E/Eq is prosolvable. This would imply that every non-degenerate 
quadratic form over E is isomorphic to a scaled trace form. Since, for any fixed 
positive integer n, the statement "All quadratic forms of dimension n are isomor- 
phic to scaled trace forms" is elementary (by Lemma [2. II) . this would conclude the 
proof. 

To show that Eq is Hilbertian, we need to show that for every positive integer n, 
every irreducible polynomial f{T,X) of degree n has an irreducible specialization. 
For any fixed n this is an elementary statement which is true in Kq and hence also in 
Eq. Next, we show that E/Eqis separable algebraic and that the Galois closure E of 
E/Eqis linearly disjoint from Kq over Eq. Indeed, iix & E, then x E K. Hence there 
exists an irreducible separable polynomial / over Kq satisfying /(x) = 0. The latter 
statement is elementary, so x is separable and algebraic over Eq. Now let L be a 
finite separable extension of Eq and / an irreducible generating polynomial oi L/ Eq. 
Then / generates LKq/Kq and is also irreducible over Kq (since it is elementary). 
Therefore [L : Eq] = degf = [LKq : A'o], i.e., L is linearly disjoint from Kq over Eq. 
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As L is an arbitrary finite separable extension, we get that Eqs is linearly disjoint 
from Kq over i?o, and in particular so is E. Finally, let K be the Galois closure 
of K/Kq. Then EKq C K, and G&\{E/Eq) = Ga\{EKo/Ko) via restriction. As 
Gal{k/Ko) is prosolvable, so is Gal{EKo/Ko) = Gal{k/Ko)/Gal{k/EKo), and 
hence Gal{E / Eq) is prosolvable. □ 

Remark 3.4. Theorem [T] is valid in particular for the maximal prosolvable extension 
Qsoi of Q. However, Qsoi has no quadratic extensions, hence there is a unique non- 
degenerate quadratic form of a given dimension (up to isomorphism). So in this 
maximal case the theorem is obvious. 

Theorem [1] answers Question [T] positively for solvable extensions and quadratic 
forms of dimension n > 4. The following proposition shows that for n = 2 the 
answer is negative. We do not know what happens in the gap n = 3,4. 

Proposition 3.5. There exists a prosolvable extension K/Q which has an extension 
of degree 2, but the non- degenerate quadratic form (1, 1) is not isomorphic to a scaled 
trace form over K . 

Proof. Fix an embedding of Q in C. Complex conjugation acts nontrivially on Qsoi- 
Let K be its fixed field, i.e., K = Qsoi n M. Then [Qsoi : K] = 2. Also if L/K is 
an extension of degree 2, then L is also a prosolvable extension of Q, so L C Qsoi, 
which implies that L = Qsoi- Thus Qsoi is the unique extension of degree 2 over K. 
We now proceed as in C/M. Any scaled trace form x (—> TiQ^^^/Kio^x'^) is isotropic 
(since x = \/i/a G Qsoi)- The assertion follows since (1, 1) is not isotropic over K 
(recall that K is real). □ 

3.2. Prime-to-p extensions. Let p, m, k be positive integers such that p is prime, 
p \ m, and p \ (f{m). Here (f is Euler's totient function. Consider the semidirect 
product H = Z/mZ x Z/p'^Z of all pairs (a, x), a G Z/mZ and x G Z/p'^Z with 
multiplication given by 

(a, x){b, y) = {a + a^b, x + y), 
where a G (Z/mZ)* is a fixed element of (multiplicative) order p. In particular 

(a, x)" = (a(l + a + H h a"), nx) = 

We embed Z/mZ and Z/p'^Z in H in the natural way. 

Lemma 3.6. Let p,m, k, and H = Z/mlj xi Tj/p^'Z be as above. Then 
a. H is generated by its p-sylow subgroups. 



/a(l-a"+i) \ 
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b. The only prime-to-p quotient of H is trivial. 

c. Ifn\ m, then there exist subgroups Hq and Hi of H of respective indices p'^n 
and n. 

Proof. The elements (0, 1) and (1, 1) generate H, so for a., it suffices to show that 
their order divides p^ (and hence is p^). We have (0,1)^' = (0,p'=) = (0,0). Now, 
since a^'' = (a^)'^ = 1, we have 

b. follows from a.: Indeed, let H = H/N be a quotient of H with order prime- 
to-p. Thus p^ divides the order of N, and hence contains a p-sylow subgroup of 
H. As <1 H, it contains all the p-sylow subgroups. By a.., N = H and H = 1, as 
desired. 

To show c, assume n \ m. Let Ho be the kernel of the natural map Z/mZ 
Z/nZ. Then Hq < Z/mZ < H. Note that Hq is invariant under the action of 
Z/p''Z (i.e., a e Hq ^ aa e Hq) and define Hi = Hq yi Z/p^Z. Now, 

{H : Hq) = {H : Z/mZ)(Z/mZ : Hq) = p'^n 

and {H : Hi) = n, as desired. □ 

Proposition 3.7. Let p be a prime, let K be a separable extension of a countable 
Hilbertian field Kq such that the Galois closure is prime-to-p over Kq. Let e > 2. 
Then for almost all cr G Gal(ii'o)'^ the field M = KKqs{(t) is a PAC extension of 
K and it has a separable extension of every degree. 

Proof. Let K be the Galois closure of K/ Kq, so every finite quotient of Ga\{K / Kq) 
has order prime to p. As in the proof of Proposition [331 for almost all cr G Gal(-ft'o)^ 
the field Mq = KQs{cr) has a free absolute Galois group of rank e, namely G = (cr), 
and M = MqK is a PAC extension of K. Let Nq = Gal(M) be the absolute Galois 
group of M and let A^ = Ga\{k Kqs{(t)) . Then A^ < A^'o < G, A^ is normal in G, 
and G/N = Gal^KKQs^a) / Kq). The restriction map G/N Gal^K / Kq) is an 
embedding, so every finite quotient of G/N has order prime to p (because it is a 
subgroup of a finite quotient of GsI^K/Kq)). 

By Galois correspondence, it suffices to show that A'o has open subgroups of any 
index. Let n be a positive integer prime to p and A; > 1. Let I be a prime number 
such that / f n and p \ I — 1 and let m = nl (such a prime / exists since there are 
infinitely many primes in the arithmetic progression / = 1 (mod p)). Then p \ m 
and p I ip{m). Let H = Z/mZ x Z/p'^'Z as in Lemma [3T6l Then H and G/N have no 
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nontrivial common quotients (by Lemma [3.6b .). By Lemma [3.21 and Lemma [3.6b .. 
A^o has open subgroups of index n and np^ , i.e., of any index. □ 

Proof of Theorem [3 For a countable field K, Theorem [2] follows immediately from 
Theorem m and the above proposition. For an uncountable field the theorem follows 
from the Lowenheim-Skolem Theorem (as in the proof of Theorem [1]). □ 

3.3. A remark. In this work we saw that the property for a field K to have PAC 
extension with separable extension of degree n, implies that every non-degenerate 
quadratic form of dimension n is isomorphic to a scaled trace form. This leads to 
the problem of classifying fields K which have a PAC extension with a separable 
extension of a given degree. This is a refinement of [H, Problem 3.9], raised in 
relation to Dirichlet's theorem for polynomial rings in one variable. 
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